Abstract. This paper first considers several types of additive bases. A typical problem is to find nv(k), the largest n for which there exists a set {0 al < a2 <" < ak} Of distinct integers modulo n such that each in the range 0 =< -< n can be written at least once as mai + aj (modulo n) with </'. For example, nv (8) n(k) (resp. n(k)) is the largest number re such that there exists a k-element set A {0 al < a2 <" < ak} of integers with the property that each r [1, n] can be written in at least one way as r ai + aj, with </" (resp <-j).
Our interest in vv stems from its application to error-correcting codes. Let A (k, 2d, w) denote the largest possible number of binary vectors, each containing w l's and k-w O's, such that any two vectors differ in at least 2d places ([6] , [57] ). It can be shown ([28] , [29] ) that A(k, 6, w)>-;,ik and there is a similar bound for A(k, 2d, w) using sets in which all sums of d-1 distinct elements are distinct modulo v. When combined with Theorem 1, this implies A(k, 6, w)>-(1)) as k wi (1+o which is stronger than any previously known bound (see [28] ). We should also point out that the function A(k, 2d, w) has been studied under another guise in extremal set theory by Erd6s, Hanani, Sch6nheim, Kalbfleisch, Stanton and others (see [20] , [73] , [77] ) in the following context. Let D(t, k, s) denote the maximum number of k-element subsets of an s-element set S such that every t-element subset of S is contained in at most one of the k-element subsets. Then D(t, k, s) A(s, 2k 2t + 2, k).
We shall justify our interest in nv in 3.
2. Tbles, bonSs n8 properties. Tables I-IV give values of these eight functions, and examples of the sets A which attain them. Usually the (lexicographically) first 3 3 {0, 1,2} 4 6 {0, 1, 2, 4} 5 9 {0, 1, 2, 3, 6} 6 13 {0,1,2,3,6,10} 7 17 {0,1,2,3,4,8,13} 8 22 {0, 1, 2, 3, 4, 8, 13, 18} 9 27 {0,1,2,3,4,5,10,16,22} 10 33 {0, 1, 2, 3, 4, 5, 10, 16, 22, 28} 11 40 {0,1,2,4,5,6,10,13,20,27,34} 12 47 {0, 1, 2, 3, An example of the set A. 2 2 {0, 1} 3 4 {0, 1, 2} 4 8 {0, 1, 3, 4} 5 12 {0, 1, 3, 5, 6} 6 16 {0,1,3,5,7,8} example of A is given. The entries in the no table are taken from [1] , [56] , and [76] , and the entries in the v table which come from difference sets (see (8) ) are taken from [2a, Table 6 .1]. The other entries are believed to be new.
The best bounds presently known for these functions are as follows. THEOREM 1.
(1)
2k2-O(k3/a)<v,(k), vo(k)<2ka+O(k36/23),
Discussion of Proof. Hiimmerer and Hofmeister [36] showed that n(k)> 5(k 1)2/18, and it is not difficult to modify their proof to give n(k) > 5(k 1)2/18.
The lower bounds in (2) then follow from n,(k)<=n,/(k) and no(k)<=n(k) 1 (see Lemma 2 below). The upper bound in (1) is due to Klotz [46] . Since there are (2 k) sums ai + aj(i < j) from a k-element set A, we have immediately that (6) n'(k)<( k)= 2 =<v,(k), and similarly (7) n(k)<(k+l)
which imply the upper bound in (2) . Notice that if equality holds on either side of (6) then it holds on both sides, and similarly in (7) .
The lower bounds in (3) follow from a straightforward modification of the Erd6s-Turfin argument ([21] , [40, Chapt. II, 3, Theorem 4]); we omit the details. The lower bound in (4) will be proved at the end of this section. The lower bound in (5) holds because if the sums ai + aj (1 <_-<_-j <-k) are distinct modulo v, then so are the k(k 1) nonzero differences ai-ai; hence v 1 => k2-k. It follows that the equality signs can only hold in (7) when k 2; thus k+l)
We shall see in Theorem 5 that the equality signs can only hold in (6) when k 2, 3 or 4. The upper bounds in (3)-(5) are all obtained by using Singer difference sets and the fact that (see [43] ), whenever x is sufficiently large, there is a prime p with 13/23 x<p<--x+x (compare [40, Chapt. II, 3, Theorem 6] . In particular, difference sets attain the lower bound in (5), so (8) v (k) k2-k + 1, whenever k 1 is a prime power.
A projective plane of order 6 would have implied v (7)= 43, but since this plane does not exist we may regard the cyclic shifts of A {0, 1, 3, 15, 20, 38 , 42} modulo 48 (corresponding to v(7)= 48) as giving, in a sense, the best approximation to such a plane. Other approximations are described in [40a] and [56a] .
The following properties of these functions are easily established.
(a) IrA {0 al < a2 <'" <: ak} attains n(k), then a2 1, a3 2, a4 3 or 4, and ak <= n(k 1) + 1. Furthermore, n,,(k)+3<=n(k+l), for k->3.
(b) IrA {0 al < a2 <" < a} attains no(k), then a2 1, a3 2 or 3, an 3, 4 or 5, and a <= no(k 1) + 1. Furthermore, no(k)+2<=no(k+l).
(c) If A {0 al < a2 <" < a} attains nv(k) ( We conclude this section by determining when the equality signs can hold in (6) .
n(k)=() =v (k) if and only/fk 2, 3 or 4; otherwise nv(k)<()<vv(k). (10) k<=u-1.
Then (11) k2u <-_ n{u(u 1)+ 3ku k(k + 1)}.
Pro@ The proof is a modification of the Erd6s-Turfin argument ([21 ] , [40, p. 
86]).
Consider the n subsets , ={m, m +1,... ,re+u-l} of ;gn, for 0-<_ m _-< n-1, and let Am--Im I A I. Since each ai belongs to exactly u subsets, (12) E A,, ku. From (12) , (13) 
where dl, , ds are the special values of d, with s -< k. Using (10) we can bound this by T <-1/2u(u-1)+ ku -(l + 2 +. +k) (15) =1/2u(u 1)+ ku -1/2k(k + 1),
and (11) follows from (14) and (15) . Q.E.D.
COROLLARIES.
(i) If we set n (z), then for k >= 14 (10) is satisfied but (11) is not, which eliminates the cases k >-14 of Theorem 5.
(ii) For n large, (11) implies
which is equivalent to the lower bound in (4 ([8] , [9] , [25] , [49] , [54] , [67] [7]- [10] , [15] , [22] [23] [24] [25] [26] [27] , [30] , [31] , [33] - [35] , [42] , [44] , [47] , [48] , [50] , [53] , [57a] , [58] , [64] , [67] , [69] , [74] , [78] , [81] Several of these families of graphs were suggested by the following application. Consider a network of transmitting stations, each of which must be able to communicate with certain others--those to which it is linked in the network. The total bandwidth available is divided into e channels, where e is the number of links in the network, and each station x is assigned a number A (x) from 7/e. When x and y communicate they use channel number A (x) + A (y). If the numbering is harmonious, each channel is assigned to exactly one link.
Harmonious graphs are also interesting because they lead to modular versions of various combinatorial problems. For example, a harmonious labeling of the friendship graph Fn (see 8) may be regarded as a modular generalization of the Langford-Skolem problem (see [2] , [4] , [17] , [18] , [32] , [41] , [52] , [55] , [62] , [63] , [68] , [70] , [75] Fig. 4 shows the graph of Fig. 1 (f) embedded in a regular hexagon. (ii) The repeated node label in a harmonious tree can be any element of e.
On the other hand one harmonious graph may lead to others via the following constructions, which have the effect of moving an edge with a given label from one part of the graph to another. THEOREM 9. Let G be a harmoniously labeled graph containing (i) an edge wx with label A (w)+ A (x), and (ii) a pair of nodes y, z not joined by an edge but satisfying A (w) + A (x) A (y) + A (z). Then deleting the edge wx and inserting yz changes G to another harmonious graph. For example we can move the edge labeled 4 in Fig. 1 (b) and obtain Fig. 1 (c We shall usually just specify the node labels and leave to the reader the straightforward verification that the labeling is harmonious. By repeatedly applying the constructions of Theorems 9 and 10 to caterpillars, it is easy to generate large numbers of harmonious trees. Those with 7 nodes are shown in Fig. 2 , and in the same way we have established the following theorem, whose proof is omitted.
THEOREM 13. All trees with <-_9 nodes are harmonious.
We conjecture that all trees are harmonious (cf. [7] ). 6 . Cycles. THEOREM 14. The cycle C, with n nodes, n >= 3, is harmonious if and only if n is odd. Proof. If n is odd we label the nodes 0, 1,..., n-1 (see Fig. l(b) ). If n 2m is even, suppose ao, a x,..., az,-is a harmonious labeling of C,. The numbers ao + a x, a + a2,''', a,_ + ao are congruent (modulo 2m) to some permutation of 0, 1, 2,..., 2m-1. Adding these numbers we obtain 2S =-S (modulo 2m), where S 0 + 1 + 2 +. + 2m 1 rn (modulo 2m). Hence rn 0 (modulo 2m), a contradiction. Q.E.D.
7. Ladders are harmonious. The ladder Ln (n >-2) is the product graph P2 en, and contains 2n nodes and 3n-2 edges (Figs. 5, 6 ).
THEOREM 15 (Fig. 5) . L4 is harmonious: label the paths 0, 5, 1, 9 and 2, 6, 3, 4. Finally Fig. 6 shows a harmonious labeling of L2a for a >-3. Q.E.D. The labeling of L2a+x is exceptionally pleasant since the edges are numbered consecutively. Furthermore by simply joining the ends of the ladder we obtain a harmonious labeling of the prism P2 C2a+1 (Fig. 7) , and the pattern may be continued to produce a harmonious labeling of any P,, C2a+x (Fig. 8) . The cube P2 C4 is not harmonious (Theorem 22 below), but P3 x C4 is (Fig. 9 ).
8. Friendship graphs. The friendship graph F,(n >= 1) consists of n triangles with a common vertex (see Fig. 10 ).
THEOREM 16. Fn is harmonious except when n --2 (modulo 4). Proof. If n--2 (modulo 4), F, is not harmonious by Theorem 11. If n-= 0 or 1 (modulo 4) it was shown by Skolem [75] that the numbers {1, 2,..., 2n} may be partitioned into n pairs (ar, br) with br-ar r, for r 1,..., n. Then a harmonious labeling of Fn is obtained by labeling the vertices of the triangles with (0, r, n + at), for r 1,. , n (see Fig. 10 ). (i) f2,, may also be harmoniously labeled in such a way that the endpoints of the path are 1 and -1: label the nodes of the path with 1, 2, 5, 6, 9, 10, , 4m -3, 4m -2.
(ii) f, is also graceful, although this fact does not seem to have been mentioned before: label the center with 0 and the nodes of the path with 2n-1, 1, 2n-3, 3, 2n -5,.
(iii) Let g,(n->2) be the graph with n + 2 nodes and 3n-1 edges obtained by joining all nodes of P, to two additional nodes. A harmonious labeling of g2, is obtained by labeling the path with 2, 4, 8, 10, 14, 16, , 6m -4, 6m 2, and the two additional nodes with 0 and 1 (Fig. 12) . But g2,/1 does not seem to have such a simple labeling. comprise all the elements of 7/2n (for then we may label the cycle with al,. , a, and the center of the wheel with 0). 16] , [38] , [71] , [72] ), this result does not seem to have been noticed before.
12. The one-point union of two complete graphs. The graph K (n _-> 3) consists of two copies of K, sharing a common node, and contains 2n-1 nodes and n (n-1) edges (see Fig. 14) . It is known that K(, 2 is never graceful [5] . Fig. 1 , and the remainder are easily dealt with. Q.E.D. For comparison we note that Golomb [25] showed there are three connected graphs with _-<5 nodes that are not graceful, namely C5, F2 and Ks; and Rao Hebbare [64] where HE(X)=-x log2 x-(l-x)log2 (l-x) (cf. [57, p. [10] , [22] , [44] ) suggests that harmonious labelings are considerably more complicated. We know that nv(v), the number of edges in the largest harmonious graph on v nodes, is bounded by (2) . On the other hand, if g(v) denotes the number of edges in the largest graceful graph on v nodes, it is known that limo_,o g(v)/v 2 exists and satisfies (16) 1/2-< lim g(--v) =< 0.411, (see [26] , [42] , [53] , [58] , [81] (16) . (v) ). The values of g(v) are taken from [53] and [58] . (v)   2  3  3  3  4  6  6  5  9  9  6  13  13  7  17  17  8  24  23  9  30  29  10  36  36  11  43  12  50  13  58  14 68
